Abstract-In this paper, we propose an approximate analytical solution of the problem of nonlinear diffusion of the current density in a high-temperature superconducting plate with current transport. It is obtained by the technique of self-similar solution. The construction of this solution highlights a characteristic time of penetration T p whose limit for large n is the model of Bean. We compare our solution to the ones obtained using COMSOL multiphysics. We study the influence of variation of the magnetic induction on time penetration and the influence of the n factor on time penetration.
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I. INTRODUCTION
S UPERCONDUCTORS offer new development prospects for many applications. Indeed, we have an increase in the use of new conductors like MgB 2 or Y BCO coated conductors. Therefore, it is important to determine precisely their properties to design some application like superconducting motors or superconducting fault current limiters.
The characterization of the superconductors is made by experimentation, and the principal critical values are deduced. These characteristics are used to determine the current density and the electric field by a numerical or analytical calculation. They determine the penetration of the induced fields in the superconductors. Unfortunately, the experimental processes play an important role in their determination, and it became useful to have approximation rules that allow describing the effects due to the change in their values.
In this paper, we present an analytical and very easy to implement solution of the penetration of the current density in a superconducting plate taking into account a variation of an n factor. This calculation is also important for the problem of trapped flux or magnetic screening because we can determine easily the time penetration versus the factor n whatever its value is. We study a superconducting plate subjected to an external field (Fig. 1) . The use of a power constitutive law (1) to describe high-temperature superconducting materials leads to nonlinear vector differential equation (2) , which is very difficult to solve, i.e.,
Equation (2) is solved by a search of the invariant solution by the change of the scale [3] . It is the search of the selfsimilar solution [4] . This method was used with success to describe magnetic induction in the case of a semi-infinite superconducting plate [5] . It is based on the existence of a selfsimilar variable without dimension, i.e.,
With this new variable (3) and (2), an ordinary differential equation (ODE) is constructed. When the magnetic field at the border of the domain has the form B = t p , with p ≥ 0, the solution is proportional to t p f (ξ(x, t)), and f (ξ(x, t)) is a solution of the ODE. This problem has been studied and is well known [6] .
For a superconducting plate, we can consider two cases for studies.
• For a superconducting plate subjected to an external magnetic field, the distribution of the current density is asymmetric, and the total current is null.
• For a superconducting plate with current transport, the distribution of the current density is symmetric. Our objective is to compute the electric field induced in a finite superconducting plate subjected to a magnetic field of the following form:
1051-8223/$26.00 © 2010 IEEE This form for the variation of the magnetic field allows the simulation of different rates of rise of the magnetic field.
As we can see in Fig. 2 , the current density has just one component; thus, the electric field has just one component: (2) is scalar
We adopt the following notations: v = J/J c and c
With these notations, the previous equation becomes
We propose to solve this equation by an analytical way. This choice allows an easy-to-implement solution with instantaneous calculation.
II. ANALYTICAL RESOLUTION
We suppose that
Thus, we express our problem as
The main idea of the resolution is to find the self-similar solutions of system (8). We need a self-similar variable ξ(x, t) that allows us to transform the partial differential equation to an ODE of unknown g(ξ). The solution is obtained using the selfsimilarity property, which is reflected in the following general form of v(x, t):
where K and k are to be determined. We present in the first part the construction of the ODE and its resolution in the second part.
A. Ordinary Differential Problem
This paper begins by the definition of a self-similar variable. This variable enables us to transform the previous differential system (8) to a system of ordinary equations.
1) Dimensionless Variable:
In the goal of determining the dimensionless variable, we perform a dimensional analysis of the equations to solve
From these two equations, we deduced
Furthermore, we simplify these two previous equations, i.e.,
Therefore, we deduce that the quantity
is dimensionless. From this result, we choose the following shape for the dimensionless variable:
[t]
Finally, from this general form, we obtain the following relationship for our variable:
The absolute value |x| in ξ(x, t) in (11) is used to represent the symmetry of the plate. For the spatial derivative of ξ, we use
At x = 0, the current density satisfies the following assumptions.
• In incomplete penetration, v(0, t) = 0.
• In full penetration, v(0, t) = 0 in the case of the asymmetric distribution of the current density, and for the symmetric distribution, one has v(0, t) = v(x, t) = v(t).
2) ODE:
Here, we use the general form of solution (9) and develop each term of system (8), i.e.,
with the derivatives of ξ when t > 0 and
Afterward, we replace these expressions in the first equation of system (8). Thus, we have now the following to solve:
The term t in (19) induces a very complicated nonlinearity. Therefore, the scaling properties of the self-similar solution allow us to suppress this term. Hence, we have a choice for the value of k, i.e.,
With this choice, we obtain a simplification of the following:
We need to calculate the initial and boundary conditions. 3) Initial Condition: After determining the form of the ODE, we must calculate the initial condition and the conditions at the borders.
We have v(x, 0) = 0 because, at the initial time, the distribution of the current is equal to zero in the superconductor. At the initial time, the dimensionless variable becomes
As, we have v(x, t) = Kt k g(ξ), therefore, v(x, 0) = 0 is equivalent to g(∞) = 0.
4) Boundary Condition:
After the initial condition, we need to calculate the boundary condition. The beginning of the calculation is the second relation of system (8), i.e.,
Therefore,
With the two previous relations, we obtain
In the same way as that for (19), we need to suppress the nonlinearity induced by the term t. This is realized due to relations (12) and (20), which lead to p = kn − m. Therefore, we have
Finally, we have the whole system of ordinary equations, i.e.,
To simplify this expression, we notice λ
B. Resolution of the Ordinary Differential Problem
The second step of this paper is to solve system (27). This paper is based on a modification of a calculation made by Mayergoyz [6] . The main idea is to use a particular case of the equation that has an exact solution to obtain the asymptotic behavior of the general solution of system (27). We write a new formulation of the equation that we have to solve introducing the ξ m coefficient.
The first equation of system (27) becomes
First, we calculate a particular solution, and, afterward, we present the calculation of the asymptotic behavior of the general solution.
1) Solution for m = 1:
For the case where m = 1, we have an exact solution of the equation, which is
We do not calculate ξ 1 for the moment; we make it in a most general case with the boundary condition in the next part.
2) Solution for m = 1:
The general solution of our problem has an asymptotic form that looks like the particular solution
The uses of this expression (31) and its introduction in (28) give the following expression for d m :
The approximate solution is built like the N terms of series expansion around its asymptotic expression
Let us consider f 0 = 1. We limit our calculation to the first term. We show in the presentation of the results that it is sufficient. Thus, we just need to calculate f 1 . To make this calculation, we use (33). The introduction of g(ξ) in the ODE (28) is taken as a linear combination of
with γ = 1/n − 1. It forms a family of a space vector of dimension N + 1, and it is a base only if all terms Φ i are equal to zero. As we limit our development to the first term, coefficients Φ 0 and Φ 1 are as follows:
Now, it is necessary to calculate the term ξ m . To this end, we use the boundary condition
We use the following notation:
Therefore, we obtain the following expression for the boundary conditions:
For x = ±a, we have ξ(x = ±a, t) = 0. Therefore, we obtain the following relation:
As we limit our calculation to the first order,
Finally, we obtain
The final result for ξ m is given by the expression − 1) ). The general solution can be written as
We have calculated the general solution of our system. The last point consists of determining the current distribution.
C. Calculation of the Current Density
We have v(x, t) = Kt k g(ξ) and ξ = (a − |x|/bt m ). Therefore, with the previous results
and
. Therefore, we have the complete solution for system (8), i.e.,
Now, we can consider two cases: the complete penetration and the incomplete penetration. The limit for both cases is obtained as soon as only v(x = 0, t) is equal to zero. We note that v(x = 0, t) = 0 when the dimensionless variable ξ(x = 0, t) reaches at ξ m : ξ(x = 0, t) = (a/bt m ) = ξ m . This equality enable us to define the penetration time T p , i.e.,
1) Incomplete Penetration: When t < T p , the proposed solution is suitable for a study of a superconducting plate when the following occurs.
• An external magnetic field such as (∂B/∂t)| x=±a = V B t p is applied. In this case, for
For both cases, the penetration is characterized by position x f (t) and speed dx f /dt of the fronts of the current density. We remark that ξ(x, t) ∈ [0, ξ m ] leads to a − ξ m bt m ≤ |x| ≤ a. This allows us to deduce
2) Complete Penetration: When t > T p , we have ξ > ξ m . The proposed solution needs additional considerations.
• In an applied magnetic field, we need to impose v(x = 0, t) = 0.
• In the transport current, the current density becomes rapidly independent of the position x. We consider that v(x, t) ≈ v(t). By using Ampere's law (∂B/∂x) = μ 0 J c v(t) and the assumption such as
, we propose the following expression for the complete penetration:
III. RESULTS First, we need to choose the size and the characteristics of the superconducting plate and the rate. These characteristics are summarized in Table I .
With these data, we can calculate the time for the full penetration in the superconductor: T p = 0.72s. 
A. Comparison Between Analytical and Numerical Results
We present in Figs. 3 and 4 the comparison between analytical and numerical results obtained by COMSOL 1 for two times. We notice a very good correlation. These results validate our method and the choice of one term in the serial expansion.
B. Influence of the n-Factor on the Penetration Time
We can show in Fig. 5 the variation of the time penetration versus the n-factor. It is important to remark that this method is suitable for calculating time penetration for a high value of the n-factor. We notice that the time of penetration decreases when the n-factor increases, and it is constant when the n-factor is greater than 50. In this case, it coincides with the Bean model.
C. Influence of the Rise of the Magnetic Flux on the Penetration Time
In this part, we study the influence of increased time of the magnetic flux on the penetration of the current density in the superconductors.
When V B is small and n increases, the penetration of J is slower. The position of fronts and the penetration time grow to reach the higher limits given by the Bean model, as shown in 
IV. CONCLUSION
We have presented in this paper an extension of the method developed for the first time by Mayergoyz. Our calculation is able to determine the diffusion of the current density in a finite superconducting plate for all values of the n-factor. We have also shown the influence of the rise of the magnetic flux on the time penetration and the influence of the n-factor on the time penetration. He is currently a Professor at the University of Nancy, Vandoeuvre-lesNancy, France, where he is also a member of the Groupe de Recherche en Electrotechnique et Electronique de Nancy. His research interests include characterization and modeling of superconducting materials and applications.
